In [G. E Andrews, Partitions with parts separated by parity, submitted], Andrews asked for a bijective proof of Theorem 2. In this short note, we report a generalization of the theorem and its bijective proof. We obtain further identities when various restrictions are imposed. This is work in progress.
Introduction
Parity in partitions has played a useful role. There are various resources on the theory of integer partitions, and the interested reader is referred to [2] . On this specific subject, one may consult [3] , and citations listed in [1] . Given two partitions, we consider the union λ ∪ β to be the multiset union, and λ + β is the sum of two partitions obtained via vector addition in which the i th part of λ + β is equal to the sum of the i th parts in λ and β. In finding the sum λ + β, the partition with smaller length must have zeros appended to it in order to match in length with the other partition. Similar rules apply to computing λ − β. We recall the following notation from [1] . p od eu (n): the number of partitions of n in which odd parts are distinct and greater than even parts. O d (n): the number of partitions of n in which the odd parts are distinct and each odd integer smaller than the largest odd part must appear as a part. Theorem 2 of [1] is restated below.
Andrews asked for a bijective proof of the theorem. We shall give a bijective proof for a general case. Define D(n, p, r) to be the number of partitions of n in which parts are ≡ 0, r (mod p), and each part ≡ r (mod p) is distinct and greater than parts ≡ 0 (mod p). Our theorem is stated below. Theorem 1.2. Let O(n, p, r) be the number of partitions of n in which parts are ≡ 0, r (mod p), and each integer ≡ r (mod p) smaller than the largest part that is ≡ r (mod p) must appear as a part. Then D(n, p, r) = O(n, p, r).
Setting p = 2, r = 1 in Theorem 1.2 gives rise to Theorem 1.1.
Bijective Proof of Theorem 1.2
We give a desired bijective proof. Let λ be enumerated by O(n, p, r). We have the decomposition λ = (λ 1 , λ 2 ) where λ 1 is the subpartition of λ whose parts are ≡ r (mod p), and λ 2 is the subpartition of λ whose parts are ≡ 0 (mod p). Then the image is given by λ 1 + λ 2 , i.e.
The inverse of the bijection is given as follows: Let µ be a partition enumerated by D(n, p, r). Then decompose µ as µ = (µ 1 , µ 2 ) where µ 1 is the subpartition with parts ≡ r (mod p) and µ 2 is the subpartition with parts ≡ 0 (mod p). Construct µ 3 as
where ℓ(µ 1 ) is the number of parts in µ 1 . Then the image of µ is given by Corollary 2.1. The number of partitions of n in which all parts ≡ 0 (mod p) form an arithmetic progression with common difference p and the smallest part is less than p equals the number of partitions of n in which parts ≡ 0 (mod p) are distinct, have the same residue modulo p and are greater than parts ≡ 0 (mod p). O(n, p, r) enumerates the number of partitions of n in which all parts ≡ 0 (mod p)
form an arithmetic progression with common difference p and the smallest part less than p, and the right sum similarly enumerates the other stated partitions.
Further related identities
We recall the following q-identities
See [4] and [5] , respectively. In Theorem 1.1, if we reverse the roles of odd and even parts by letting any positive even integer less than the largest even part appear as a part and each odd part be greater than the largest even part, we obtain the following theorem.
Theorem 3.1. Let r = 1, 3 and A(n, r) denote the number of partitions of n in which each even integer less than the largest even part appears as a part and the smallest odd part is at least r + the largest even part. Then A(n, r) is equal to the number of partitions of n with parts ≡ r, 2 (mod 4).
Proof.
Theorem 3.2. Let B(n) be the number of partitions of n in which either a) all parts are even and distinct or b) 1 must appear and odd parts appear without gaps, even parts are distinct and each is greater than or equal to 3 + the largest odd part. Denote by B e (n) (resp. B o (n)), the number of B(n)-partitions with an even (resp. odd) number of even parts. Then
Note that the generating function for the sequence B(0), B(1), B (2) 
